Exam — Introduction to Optimization
Friday, November 8, 2024

University of Groningen

Let f: RY — RU {+oo} be a closed convex function with minimizers. Consider the problem:
(1) Find the minimizer of f that has the smallest norm.

The problem is well posed, in the sense that f does have a unique least-norm minimizer. We denote it by Z.
You do not need to prove this. All the questions that follow have the same weight.

Part 1. Given € > 0, define f. : RV — RU {+cc} by
€
fe() = f(=) + 5 llzll*.
. Show that f. is closed and e-strongly convex, whence it has a unique minimizer, which we denote by ..
X Verify that min(f) + §l|zc||? < fe(z.) < fe(z) for every z € RV,
:3’; Prove that ||z:|| < ||Z| for every € > 0 (recall that Z is the minimizer of f that has the smallest norm).

7\ Verify that lim._, f(zc) = min(f).
RUse 3 and 4 to conclude that z. = Z as ¢ — 0.

Part II. Let (¢;) be a positive real sequence such that e, — 0 as k — oo. Pick v > 0 and zo € RY, and define
a sequence (zg) by iterating

. 1
(2) Th41 = ProX,; (zx) = argmin {fe,c (z) + %Hx — :ckllz} )

for k£ > 0. The purpose of this part is to show that this procedure converges to the solution of (1).
(6. Write the optimality condition for (2)\
7. Use 1 and 6 to show that

. 1 A €k o
feu(®) 2 fer (Tr41) — ;($k+1 — ) (£ — Te41) + EHiEkH —a3
& Now, use 2 and 7 to prove that
1+ ve)lzker — 217 < llze — 21° + ver [I12]1% = e, |1?].

X Use 3, 5 and the Lemma below (which you do not need to prove) to conclude that, if Zkzo € = 00, then
T — & as k — oo.

Lemma. Let (Ag), ghk) and (dx) be nonnegative real sequences such that (1 + dx)Ag+1 < A + dxhy for every
k>0 If hy = 0as k — oo and > k>0 0k = 00, then Ax — 0 as k — co.



