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Let f : IR"» RU{+oo} be a closed convex function with minimizers. Consider the problem:

(0) Find the minimizer of f that has the smallest norm.

The problem is well posed, in the sense that f does have a unique least-norm minimizer. We denote it by x.
You do not need to prove this. All the questions that follow have the same weight.

Part I. Given > 0, define f: R' RU{+oo} by

£c) = fa) +5lel?-
k'. Show that f_ is closed and e-strongly convex, whence it has a unique minimizer, which we denote by a..

) verify that min(f) + 5llz.I]?<f(a.)<f.(a) for every r e R".

3; Prove that [[z.I] < [[@// for every e > 0 (recall that î is the minimizer of f that has the smallest norm).

k verify that lim.o f(a2) = min(f).

$5Use 3 and 4 to conclude that z.> 2 as€»0.

Part II. Let (et) be a positive real sequence such that e> 0as k> o. Pick > 0 and z e IR, and define
a sequence (a) by iterating

2)

for k > 0. The purpose of this part is to show that this procedure converges to the solution of (1).

(6. Write the optimality condition for (2). )

7. Use 1 and 6 to show that

!ck (x) ~ !ck (xk+i) - ~ (xk+l - Xk) • (x - Xk+l) + c; llxk+l - i:112•

8Now, use 2 and 7 to prove that

Use 3, 5 and the Lemma below (which you do not need to prove) to conclude that, if)x = oo, then
a,» £ as k> oo.

Lemma. Let (A), (hx) and (0) be nonnegative real sequences such that (1 + ö)A,1 A + öh for every
k >0. If ht»0as k»0o arid}s@ = oo, then A>0 as k co.


